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ABSTRACT 

The main objective of the present article is to study the oscillatory behavior of conformable fractional generalized 
Lienard equations. We obtain some new sufficient conditions that guarantee all solutions are oscillatory by using Riccati 
transformation technique. Suitable examples are inserted in order to illustrate the effectiveness of our obtained results. 
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INTRODUCTION 

Fractional calculus is nowadays one of the most intensively developing areas of mathematical analysis, including 
several definitions of fractional operators like Riemann-Liouville, Caputo, and Grunwald-Letnikov. It has been shown in 
various studies that fractional-order models capture phenomena and properties that integer orders neglect. These non¬ 
integer derivatives have been widely applied in different branches such as application in a genetic algorithm, the planner in 
signal processing, a tensile and flexural strength of disorder materials in solid mechanics, biology and physics, we refer the 
books [1,8,11,13,14,17], 

Recently, a new fractional derivative called the conformable fractional derivative is introduced which is based on 
the basic limit definition of the derivative in Khalil [9]. There are many papers have devoted to the conformable fractional 
derivative, see, for example [2,6,7], and the references cited therein. 

In 1928, Lienard [10] investigated the sufficient conditions for the occurrence of auto-oscillations in the system 
governed by 

x " + f{x)x r + x = 0. (1.1) 

In 2012, Matinfar et al. [12] solved the Lienard equation of the form 

u" 4- f(u)u‘ + g(u) = h(x), (1.2) 

by differential transform method. 

The Lienard equation is closely connected with the Rayleigh equation. For a particular case of (1.2), namely Van 
der Pol equation for the choices of f(u) = — 1j Q fu) = it and fr-(A') = 0. Van der Pol equation served as a 
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nonlinear model of electronic oscillation. The Lienard equations are used to model the oscillating circuits emerging in 
radio and vacuum tube technology. 

In 2013, Zeghdoudi et al. [16] considered the scalar Lienard equations 

x(t) = f(x (t})i(£) + E E (1.3) 

Abdullah [3,4] studied the oscillation criteria for second-order nonlinear differential equations. In 2016, Abdullah 
[5] studied the oscillation of a class of Lienard equation of the form 

x(t) + f(x (t))(i(t)) 2 + ^(:i (t)) = 0,£ > t Qp (1.4) 

where / and ff are continuously differentiable functions on R. 

It seems that there has been no work done on the conformable fractional nonlinear Lienard differential equations. 
The work along this line is of great interest and which is the main motivation of our paper. 

In this paper, we study the oscillatory behavior of the solutions of conformable fractional generalized Lienard 
equation of the form 

r* (<£X(*(£})) + /(*(£)) (^(ttCOj) + s0(£» = ^ £□’ a-5) 

where T^ denote the conformable fractional derivative with respect to a, 0< Ct < 1. 

We assume throughout this paper that: 

(Aj r(t) E C*([t„,(D},(0,aD}) J rCt>r jE (xCt>) G C tt ([t Qr to), (0 r to)); 

'(j4 z ) J and ^are continuously differentiable functions on R. 

Note that if r(t) = 1, then the equation (1.5) is reduced to the new class, called the conformable class of Lienard 
equation and in addition to that when a = 1, the equation (1.5) reduces to the Lienard equation (1.4). 

A nontrivial solution { t) of differential equation (1.5) is said to be oscillatory if it has arbitrarily large zeros 
otherwise it said to be nonoscillatory. The equation (1.5) is oscillatory if all its solutions are oscillatory. 

This paper is organized as follows: In Section 2, we recall the basic definitions of the conformable fractional 
derivative. In Section 3, we present some new oscillation criteria for all solutions of generalized Lienard equation (1.5). In 
Section 4, examples are provided to illustrate our main results. 

2. PRELIMINARIES 

In this section, we shall present some preliminary results on conformable fractional derivative. First, we shall start 
with the definition. 
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Definition: 2.1 [9] Given a function / : [0, oq) —> M. Then the conformable fractional derivative of f of order a 
is defined by 

for all (0,1]. If f is Ct-differentiable in some (O.a)^ a > 0, and f (t} exists, then 

We will sometimes write f^(t) for 7 a ( f) (t), to denote the conformable fractional derivatives of / of order 


define 


a. 


Some Properties of Conformable Fractional Derivative [9]: 

Let CC G (0/1] and f and Q be ff-differentiable at a point t > O.Then 

(Pi) r a (t p ) = pt p -« for all p E H. 

(P 2 ) TJX) = 0, for all constant functions f(t) = 2. 

(pj Tjfs) = fTjg ) + gTjf) 

(PJ T a (£■) = 


g‘ 


(Pg]) If, in addition, f is differentiable, then T a (/]) (t) = t 1 a (t). 

d£r 

3. MAIN RESULTS: 

In this section, we establish several new sufficient conditions for the oscillation of solutions of (1.5) based on the 
Riccati transformation. 


Theorem: 3.1. Assume that (A|_) — (^ 2 ) hold. If 


4 ^ K (/ (w( jj( a>)+F- 


(K-s)) a 


OTT l ds = 00 


(3.1) 


and 




/, 


Then every solution of (1.5) is oscillatory. 


ds = 00 . 


(3.2) 
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Proof: 


Let ( t) be a nonoscillatory solution of (1.5) on the interval [t-^, cc). Without loss of generality, its solution can 
be supposed such that X (t) > 0 on [tj, Q£>), Define the generalized Riccati substitution 


w(t) = — TM rt ~ h - 

Then w(tj is well defined. 

- S (a: ( [t L- H (r ( (x (t))} ■§■ tT e (r< t>T a (ar (t)))] +t (r ( r)T a (x ( t)))t t_ 11 a- ( e) 


r a (w(t)) = 






’(9 


“*(/ (*C d)g(x (t))+H r) 4 ^) 


w'(t) = 




t“ 1 {ty ds c3 ^ 


w '(0 = 


+t° 




(KO) a 


(w(t)) ! + 


w(t) + 


■w(t) (r(tj) a 




+ t D 


3t“ 1 (f (w £t) J g(x ( t>) tr ( 


4 t- G I f (_x ( e}]# C * 1 +K ) 


Integrating both sides of the above equation from tg. to t, we have 

-1 (/1* ^ ' I 


MS = wtt 0 ) + / 

s Rl 




( 


w(j) + 


|>(j0 J 

2s“ " L (/ C* UJ | 


(3.3) 


(3.4) 


eis 


„ rt f a_ ( r(J. ?f I x 

tc \ 4a K (f [x^ s y)g( x { s yj^r{s} aS - | J 


By using the hypothesis (3.1) implies there exist t 1 ^ tg, such that 

w(0 > J - 

tf 


^f(x.(s))g(x(s)) + r(s) 
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/ 


+ 


(r(s)) Z 


\ 


2-i 


\ 


2 s 


“ 1 (7(*(s))s(-i(s)) + r(j) 


7 J 


dr. 


Consider 


*3C0 =r 


— Ft ; 

t, 


jr(i ) 3 


'( 5 ) -■ 


_ c rWlf 

•* a ~ 1 1/ C* ^0 *■ r i ■?> CJ? j 


e£s> 


then we have W T (tj > £?(t) > 0. Differentiating the above, we get 

t“ _1 (/(*©)£(*(£>) + 1 


C'Ct) = 


/ 


£«t}) 




w(t) + 


(rCt)Y 


\ 


l\ 


2t 


“- 1 (/Cth)sC(t)) + r(t) dg ^f^) 


7 


L (/ (* c f})fl' C* ( +KI g ) dg ^ Cf ^) 

tffrit )) 3 


1 (f (*( 0* t +r C 






0?(£» 2 




zt H 1 1/ (r) )g(x (t>) -Er ( f? as ^ L ,l j j 


Therefore, 


Q'W 


t“ _1 (f(x(ty)g(x(t)) + r(t) 

t( r ( t )) 2 “ («0) a 

Integrating both sides of this inequality from to t for t > t^, we get 

1 (/(%0)'M*0)) + r(s) da( -^ \ 


f 


t(r(s )) 2 


■ds < 


POO SO) ' 


since Q(t> > 0. Thus 


(3.5) 
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lim f 

e-UK J 


- 1 (s» + r(s) t 

—^-.- -CIS < — 




QM ' 


which contradicts (3.2). Hence the differential equation (1.5) is oscillatory. 
Theorem: 3.2. Assume that {.4 1 J — (i 4 2 ) hold. If 

trw 

Then every solution of (1.5) is oscillatory. 


a g ~ *■ (/ [x (x (a?) * r (a ) —- ) 

lim f ---- =— L ds = 


CO. 


t-t CC 6 D 


(3.6) 


Proof: 


Assume that x{t) is a nonoscillatory solution of (1.5). Without loss of generality we may assume that is an 
eventually positive solution of (1.5). Then there exists i' 1 ^ such that x{t) > 0 for t ^ t ± . 

Consider the Riccati transformation 




Then u(t) is well defined and differentiating CC-times with respect to ‘t’, we have 
~£ (* ( 0)r a (r ( e}r B f * ( t}) j# ri (sf ( 0)r a i, 8 {x{ t))> 


(3.7) 


T a u(fc) = 




i/ft) = t*" 1 






(r(t)Y 


(u(t)) Z 4 1 


/ 


Integrating the above from tg to t, we get 


p* 1 (f( x (. s ))s(xQi)) + K g 3 r 

u(t) = u(t 0 ) + I -- - -— (u(s )) 2 ds + I 

to ( r ( J )) tff 

t s a ~ 1 (*(*}) + rfr) f 

If(t) > u(tn) 4 [ --- t -— (WsY) 2 £& 4 t 11 ” 1 I ds. 

j (■mf t 


Then for some iz! t,j. we have 
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^ e t* a J 

m( 0 > I, -—T!-(w(s}) Z ds. 


£p-(s)) 


Let iS(0 for t > t]_ by 


R(t) = J -—— -C"(s}> ds. 


(rCa}) 


then we have Xt (t) > jfJ(t) > 0. Differentiating (3.8), we get 


C E ■ L (/ c*'C(0} +r ( r> Kgl ^' f '' ] 


(r(t)) 


(iJ(£)) 2 


Thus 


_1 (V(W)M*<‘)) + r(h ^ 


Integrating the above inequality from to t, R ( t) > 0,we get 


cf 

J 


- 1 

(r(s))‘ 


ds < 


1 


fife ) «(0 


(3.8) 


We conclude that 


, lm f 

J 


' L 0» + r(s) 1 

— --- -ds < — 


(K*)) 


m^ ’ 


we obtain a contradiction to (3.6). This completes the proof. 
Theorem: 3.3. Assume that (yl-^) — hold. If 

lira f 1 ) - -A ds = co 


(3.9) 


and 
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0 ds - co ' 


(3.10) 


Then every solution of (1.5) is oscillatory. 

Proof: 


Suppose that x(t) is a nonoscillatory solution of Equation (1.5). We may assume without loss of generality that 
:*(t) == Owith t > f'j. Define the function 


-7 ‘ 2 


Then <p (t ) is well defined. 


TMO = 


*'(t) = 


-/ C* £ t))r a (r ( t)r a [a-. ( t>3)+r ( t}T a (x- ( r))r a (fixi e») 




d/(xtc3} 


dx 


(Ke))‘ 


f' f+W 2 , ,a-l 

GKO) + t 


(3.11) 


Integrating the above from tg to t, we have 




f _ g -i g{xi.di) 




Now, using (3.9), we can choose t 1 sufficiently large so that 

m > f,- ^ *. 

Let us consider for t ^ by 

m =il '' ^ c #o» 2 

Then we have 0 ( t) > H ( t) >0. Differentiating (3.12), we obtain 

tHsjj 


fr(s)) 3 


(.my- 


(3.12) 


NAAS Rating: 3.10- Articles can be sent to editor@impactjournals.us 
























Oscillatory Properties of a Class of Conformable Fractional Generalized Lienard Equations 


209 


Therefore, 




f Q i £(/(*(>})} + 

Integrating from to t for t > with H (t) > 0, we 




-ds < 


"(O' 


we conclude that 


ft 1 ((/(*■<*))}*+K3) d/I ^, } ) i 

i™**- L —---*- -ds < 


(rfs)) 

This contradicts the assumption (3.10).Hence, the proof is completed. 

Theorem:3.4. Assume that (/!]_) — (/In} hold. If for some function £ C 11 f[tg,all ) , (0.,at?) ), for all 

sufficiently large > £ Q such that 


ft J G_L (krCjJ#C/CjcCj>» s ;i 

J -—^-Cfe = CO 


£(s)(r(-s)) s 


(3.13) 


and 


lim f s *-±*tegWM 

£—free 


(5 r (s>) a (f(s» a 


f(x (s 1 )) 4 £ (l?}s e ” 1 (kr( d }+(/ (s (a)}) a ) 

Then every solution of (1.5) is oscillatory. 


ds = oo. 


(3.14) 


Proof: 


Let x(t) be a nonoscillatory solution of (1.5).Then there exists a 1] / £g such that X (t”) == (3 for all t / t/. 
Without loss of generality, we may assume that Jt(sl) 0 on the interval [t lr COJ 


Defining a generalized Riccati transformation by 


ip(t) = -S(t) 




■ £ > fc. 


(3.15) 


/(*( t» 

Then is well defined and differentiating, 

-/ (* ( t)) [t 1- 11 S' 1 (t>H t)T a (* ( t)J + S ( t>r E (p ( e)r G (# ( t)) j] + s (OK 0 r e (*■ Ct))t 1- “/'(*( t ))*' ( e) 


T^{t) = 


CrC-c o)T 


Impact Factor(JCC): 3.7985 - This article can be downloaded from www.impactjournals.us 






















210 


Vadivel Sadhasivam, Muthusamy Deepa & Kaleehirrahman Saherabanu 


ttXrCtfP +ffW «» ++t /Ml 


(3.16) 


and using f’ (pc) > fe > 0 where fe is a constant. 


t K 1 (fcr<£) + (/(:*(t)) ) 2 ) 


$(£){r(t)f 


il(t) + 


^'(£)(r(0) 2 


2t“ 1 £fcr(» + (f (%(£)) ) 2 } 


tg -j g(t?g(«ft)) 


Cr ( 0 ) Z ( ff '(£)) 2 


f(^(0) 4t“ 1 5(t) (kr(t) + (/(*(£>) ) Z ) 

Integrating both sides of the above equation from t a to t, we get 

^(0 


> ^C£ 0 > + 


/ 


l s K 1 (fcr(s) + (7(x(s)) 'f } 


S(s)(r(s)Y 


#0) + 


s'OXrO))' 


2s K 1 (kr(s). + (j(x(s)) ) Z ) y 


cJs 


+ ju 


k-1 S(s)g(x(s)) 




f(x(s}) 4 s k 1 S(_s) (kr(5) + (f(x(s)') ) 2 ) f 


ds 


By (3.14), we have that 

s 11 " L (fcr (a) 1 (/ (x (s>) ) * J 


■K0 ^ 1 


S(a)(r(j))‘ 


ds - 


Define a function M(t) for t > £^ by 
s“ -L l^kr(s>+C/C*(a)) )‘J 


"(*) = L 




f tfs}+ - ‘'MW)' \ ds 


(3.17) 


then we have ^(fc) > M(t) > 0. 

t K_1 (fer (£) + (/(*(£» "f ) 


M\t) = 




#0) + 


s'itMt)? 


2t K 1 (fcr(fc) + (f(x (£)) ) 2 ) 
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M(t) +- J 

( 2t“ 1 (krC;t)+Cl F CaTtt))) }j 


> 


SCt)(f(e5j* 


(M(t)> 2 


Hence 

S C e) (r C t)) C W C f}) 8 


Integrating (3.18) from t-^to tfov t > £■]_, we get 
ft z a ~ 1 -(kr{s')i(j C^(a33) a ) ^ l _1_ 

SC^OCrff W(t)’ 


(3.18) 


since Af(t) > 0. Therefore 


i, m f 


s“ L (fer(s) +(/(*(s») Z ) 


1 


lim | - ■= - ds < .. , 

400(rC*}) M (k) 


which contradicts assumption (3.13), so (1.2) is oscillatory. Hence the proof of the theorem is complete. 

4. EXAMPLES 

Example 4.1 Consider the conformable fractional differential equation 
2>( 7 ^(*t»)j + -f (1 + x 2 ) = 0 ,t > t Q . 

Here a = | ,r(0 = and ff(*(0) = 1 + * : . Now, 


(4.1) 




4 4, ( 4s ^ [ K ( 3 )) s ( sCa » frCs} ^i|£ij 


dS txlsl)') 1 ^ 


=lim Jp (s" ds — - f 1 s i c£s) 

s v 4' tp f 


co as t —> co 


and 


lim 

C-Hm 


/ 


c S a 1 ^f(x(s))g (x(s) ) + r(s} 




ds 
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=lim s = ds —> oo as t 


OO 


Hence all the conditions of Theorem 3.1 are satisfied. Therefore, the differential equation (4.1) is oscillatory. 
Example 4.2 Consider the fractional differential equation of the type 

2 


Ti ^ r’i(je(0)j + cot(jc(t) ) ) j - cot (x(£)) = 0, t > t^. 

Here a = - ,r(t) = = cot (jc(t))and = —cot (:*(£)). Now, 


_ T _ 

llOl I ^ . i fltJS’ 


£-f DC r 0 


(VCs})* 


Ei 

= lim f s ~a(—(c5?t(^(ff})} z + (cosec (x(ff)}} 2 ) ds 

HK J 


(4.2) 


= J f s ids —* oo as t 


oo. 


Therefore, Theorem 3.2 implies that the differential equation (4.2) is oscillatory. 
Example 4.3 Consider the following conformable fractional differential equation 

Tl(;Ii(*Ct))) + t(r,(*Ct») + t a = 0. £ > t a , 

Here « = 7 jf(t) = ^ ,f(x(t)) = t and $(*(£)) = t 2 - 
Now, 

lim J t ds = lim s~—ds —* oo a s t —» oo 

OO £"e> / W.? J Cr^DO 


and 




lim / 

{--* DC t | 




ds= lim j" 


£'CC ^{J 


—— 


-ds —* oo as £ —* oo. 


Hence the differential equation (4.3) is oscillatory, conditions of Theorem 3.3 are verified. 
Example 4.4 Consider the conformable fractional differential equation 

2 


(*(£)) j + 2t^T* (%(£}) J + 2t = 0, f > t a , 


(4.4) 


(4.3) 
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Here a = | ,r(t) = i 5(t) = t 2 and f(x(t)) = 


lnn f _» M L - , , - cfa = lim * + 4s» ds —* coas t — * co 

r ■'to £(s)(r(s)) a t ->«t 0 


and 


(Tf S - 1 S(.s}#» 0 » (S' (S)) (r(ff )) 3 t 


= lim /' -=—— it ds 

t-+ OC r Q, , — , J .T 


K> as 


ksB-+4s s 


t 


CO. 


By Theorem 3.4, Equation (4.4) is oscillatory. 

Remark: All the results obtained in this paper can be extended to a forced generalized Lienard equation of the 

form 

T a (a(fc)T*(y(t})} +s(y(t})ef (^(yO))) + /(}<£)) = «(t), t ^ t a- 
CONCLUSIONS 

In this study, we have obtained some new oscillation results for some class of conformable fractional nonlinear 
Lienard differential equations by using Riccati technique. This work extends some of the results in the exiting classical 
literature [3,4,5] to the conformable fractional case. 
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